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Pitch: The Simplest Musical Implication of
Characteristic Oscillations
In chapter 4 we learned that essentially any object can be impulsively set
into motion. When this motion is analyzed, it is always found to consist of a
collection of damped sinusoidal oscillations; each of these oscillations has
its own frequency and its own halving time. We can observe the details of
the motion of an impulsively excited object by placing a microphone near
it. The microphone diaphragm moves in response to the motion of the
struck object, giving us an electrical signal that can be easily studied. The
frequencies and decay times of the microphone signals are directly related
to the frequencies and decay times of the oscillations of the struck object.
Using an oscilloscope and a band-pass filter, we can determine that the
motion of our struck object is made up of a characteristic set of oscillations
of sinusoids. However, it takes only the briefest of additional
experimentation to discover that the relative strengths (the initial
amplitudes) of the various sinusoids making up this motion �D�U�H���Q�R�W
�F�K�D�U�D�F�W�H�U�L�U�W�L�F���R�I���W�K�H���R�E�M�H�F�W�� Not only do these amplitudes depend on the
nature of the hammer and the striking place, but they depend also on the
position of the microphone relative to the object.

Our studies with microphone and oscilloscope show that when a tuning
fork is struck in a suitable spot by a suitably soft hammer, only a single
sinusoidal oscillation is excited, and its perceived pitch can be related
directly to the oscillation frequency by using the musical convention
described in figure 2.1. Striking the tuning fork with a harder hammer
excites two or more of the characteristic vibrations of the fork. Our hearing
mechanism in this case finds it possible to distinguish these two or more
vibrations from each other and to assign separate pitches to them. The
higher oscillations are so weakly excited in normal use and their pitches are



so much higher than that of the lowest vibration that we have no trouble
labeling the fork with the musical note name that is conventionally
associated with its lowest characteristic oscillation frequency.

�� ���� �����3�H�U�F�H�L�Y�H�G���3�L�W�F�K���R�I���D���&�R�P�S�R�V�L�W�H���6�R�X�Q�G���,��
Rectangular Bars
The rectangular steel bars of the glockenspiel provide us with a further
example for our study of the pitches associated with sounds from
impulsively excited objects. We will begin with an examination of the
sounds from the bar that gives the instrument’s lowest note, C6. Here, just
as in the case of the tuning fork, the pitch name agrees exactly with the
frequency of the lowest characteristic sinusoidal vibration, 1046.5
oscillations /second. The hardwood mallets used to strike the bar also excite
the second, third, and fourth characteristic vibrations which (in my
particular glockenspiel) have frequencies of 2810, 3906, and 5494
oscillations/second.

Inspection of a glockenspiel or its close cousins, the xylophone and the
marimba, shows at a glance that the longer bars give lower pitched notes
than do the shorter bars. We notice, however, that the “kind” of sound from
one bar is very much the same as that from the next one. One is led to ask
what is the common element among the sounds produced by bars tuned to
different pitches. Many people will automatically say that there is
something characteristic of the sound of a �E�D�U�� whether it is made of wood,
brass, or steel, or perhaps even of plastic. This suggests that the �V�K�D�S�H of an
object somehow determines the tone, so that we should measure the
characteristic frequencies of a shorter bar and see how they are related to
those belonging to the longer bar. When this is done, we find that many of
the �U�D�W�L�R�V of the characteristic frequencies of one bar are somewhat similar
to those of any other bar of the set. Let us assign the alphabetical letter
names P, Q, R, S, ... in order to the first, second, third, etc., characteristic
frequencies of our bar. This sort of labeling helps us keep track of the
various frequencies without risk of confusion with the letter names A
through G which are given to notes of the musical scale. For the particular
bar that concerns us here, the ratios may be written out as follows:



Conventionally one summarizes frequency ratios of the sort shown above
by a statement such as: “The characteristic frequencies for this particular
bar are related to the lowest one by the numbers (ratios) 1.00, 2.68, 3.73,
5.25, . . .”

�'�L�J�U�H�V�V�L�R�Q�� The Discrepancy between Measured and Textbook Frequency
Ratios. �7�K�H���I�U�H�T�X�H�Q�F�\���U�D�W�L�R�V���F�K�D�U�D�F�W�H�U�L�V�W�L�F���R�I���D���S�U�H�F�L�V�H�O�\���U�H�F�W�D�Q�J�X�O�D�U���E�D�U
�P�D�G�H���R�I���X�Q�L�I�R�U�P���P�D�W�H�U�L�D�O���D�Q�G���I�O�R�D�W�L�Q�J���I�U�H�H�O�\���L�Q���V�S�D�F�H���P�D�\���E�H���F�D�O�F�X�O�D�W�H�G���L�Q
�D���V�W�U�D�L�J�K�W�I�R�U�Z�D�U�G���Z�D�\���E�\���P�D�W�K�H�P�D�W�L�F�D�O���P�H�W�K�R�G�V���Z�K�L�F�K���K�D�Y�H���E�H�H�Q���N�Q�R�Z�Q
�V�L�Q�F�H���W�K�H���I�L�U�V�W���K�D�O�I���R�I���W�K�H���Q�L�Q�H�W�H�H�Q�W�K���F�H�Q�W�X�U�\�����D�O�W�K�R�X�J�K���W�K�H���R�S�H�U�D�W�L�R�Q���L�V
�E�H�\�R�Q��4 �W�K�H���V�F�R�S�H���R�I���W�K�L�V���E�R�R�N�����8�V�L�Q�J���W�K�D�W���V�R�P�H�Z�K�D�W���V�L�P�S�O�L�I�L�H�G���F�D�O�F�X�O�D�W�L�R�Q
�Z�R�X�O�G���J�L�Y�H���X�V���U�D�W�L�R���Q�X�P�E�H�U�V���Z�K�L�F�K���D�U�H���U�H�S�R�U�W�H�G���L�Q���P�R�V�W���W�H�[�W�E�R�R�N�V���D�V��������������
���������������D�Q�G�����������������0�X�F�K���R�I���W�K�H���G�L�I�I�H�U�H�Q�F�H���E�H�W�Z�H�H�Q���W�K�H���W�H�[�W�E�R�R�N���U�D�W�L�R�V���D�Q�G
�W�K�R�V�H���V�K�R�Z�Q���D�E�R�Y�H���L�V���H�[�S�O�D�L�Q�H�G���Z�K�H�Q���S�U�R�S�H�U���D�F�F�R�X�Q�W���L�V���W�D�N�H�Q���R�I���D���P�R�X�Q�W�L�Q�J
�K�R�O�H���W�K�D�W���L�V���G�U�L�O�O�H�G���L�Q���W�K�H���D�F�W�X�D�O���E�D�U���D�Q�G���W�K�H���J�U�L�Q�G�L�Q�J���D�Z�D�\���R�I���W�K�H���X�Q�G�H�U�V�L�G�H
�R�I���W�K�H���F�H�Q�W�H�U���R�I���W�K�H���E�D�U���Z�K�L�F�K���L�V���G�R�Q�H���I�R�U���W�X�Q�L�Q�J���S�X�U�S�R�V�H�V�����7�K�H���Y�H�U�\���V�H�Y�H�U�H
�G�L�V�F�U�H�S�D�Q�F�\���E�H�W�Z�H�H�Q���R�X�U���P�H�D�V�X�U�H�G���U�D�W�L�R���I�R�U���5���3���D�Q�G���W�K�H���W�H�[�W�E�R�R�N���Y�D�O�X�H���K�D�V
�D���G�L�I�I�H�U�H�Q�W���H�[�S�O�D�Q�D�W�L�R�Q�����7�K�H���W�U�D�G�L�W�L�R�Q�D�O���F�D�O�F�X�O�D�W�L�R�Q���K�D�V���Q�H�J�O�H�F�W�H�G���W�R���L�Q�F�O�X�G�H
�R�Q�H���R�I���W�K�H���F�K�D�U�D�F�W�H�U�L�V�W�L�F���Y�L�E�U�D�W�L�R�Q�V���R�I���W�K�H���E�D�U�����V�R���W�K�D�W���W�K�H���W�K�L�U�G���W�H�[�W�E�R�R�N
�U�D�W�L�R���D�F�W�X�D�O�O�\���U�H�I�H�U�V���W�R���W�K�H���I�R�X�U�W�K���P�H�P�E�H�U�����6�,�3�����R�I���R�X�U���V�H�W���R�I���P�H�D�V�X�U�H�G
�U�D�W�L�R�V�����2�Q�F�H���W�K�H���I�U�H�T�X�H�Q�F�L�H�V���D�U�H���S�U�R�S�H�U�O�\���D�V�V�L�J�Q�H�G�����W�K�H���G�L�V�F�U�H�S�D�Q�F�\���K�D�V
�R�Q�O�\���W�K�H���X�V�X�D�O���V�P�D�O�O���Y�D�O�X�H���D�V�V�R�F�L�D�W�H�G���Z�L�W�K���W�K�H���K�R�O�H�V���D�Q�G���W�K�H���W�X�Q�L�Q�J���S�U�R�F�H�V�V��
�: �H���Z�L�O�O���F�R�Q�W�L�Q�X�H���R�X�U���V�W�X�G�\���R�I���E�D�U�V���L�Q���F�K�D�S�W�H�U�������D�Q�G���D�W���W�K�D�W���W�L�P�H���Z�L�O�O���O�H�D�U�Q



�W�K�H���Q�D�W�X�U�H���R�I���W�K�H���P�L�V�V�L�Q�J���R�V�F�L�O�O�D�W�L�R�Q���D�Q�G���W�K�H���U�H�D�V�R�Q���I�R�U���L�W�V���P�D�W�K�H�P�D�W�L�F�D�O
�G�L�V�D�S�S�H�D�U�D�Q�F�H�����V�H�H���V�H�F��������������

There seems to be little added complication when we go from the sound
produced by a tuning fork to that produced by a metal bar. The lowest
characteristic frequency for the bar (which is incidentally the one that is
most strongly excited in normal playing) determines the playing pitch, and
the weakly sounding and far-distant higher components merely add
pungency and brightness to the sound. The hardwood bars of the xylophone
give us, at the level of our present investigation, very little that is different
from what is found from a study of metal bars. The chief differences are
found in the greatly shortened characteristic halving times belonging to the
damped oscillations of a wooden bar and in the possible addition of one or
two extra frequencies arising as a consequence of the nonuniform character
of wood (the presence of grain makes the transverse and longitudinal
properties of the wood quite different from one another).

�� ���� �����3�H�U�F�H�L�Y�H�G���3�L�W�F�K���,�,����Small Clock Chimes
We turn our attention now to a different sort of “musical instrument” in
which the relations between the frequencies supplied to our ears and the
pitch we assign to the sound are less easily interpreted. A favorite way for
makers of grandfather clocks to simulate the huge bells of a tower clock is
to make use of slender steel rods which are thinned down near one end
where they are anchored in a massive block. There is one such rod supplied
for each note of the chime tune, and each rod is struck by a leather-faced
hammer driven by small gears and levers. The lengths of these rods are
graduated. The length and the amount of thinning of each rod are adjusted
to give the needed notes (usually a conventional musical scale) and a tone
suggestive of bells.

Let us consider what goes on when we strike one of the rods in a
particular set which I had occasion to examine. First we will set down the
lower few members of the list of characteristic frequencies belonging to this
rod:



P = 5 to 10 oscillations/second 
(inaudible) 
Q = 180 oscillations/second 
Ra = 525 oscillations/second 
Rb = 530 oscillations/second 
S = 1063 oscillations/second 
T = 1772 oscillations/second

If one plays a tape recording of the sound of this rod struck in isolation
from its brothers and asks a group of musically inclined listeners to find the
corresponding note on the piano, one gets two sets of responses. Some
listeners say that the sound has a pitch lying somewhat above F3 (or
somewhat below F3#), and some assign the pitch at a little above C5. In
either case the listener tends to be aware of the other pitch that is identified
by some members of the group, and he is also aware of the very high-
pitched sound belonging to what is labeled T (near A6), but despite these
distractions he feels quite comfortable that his own assignment is the most
reasonable one. Neither group of listeners has any hesitation in saying that
the set of rods of which this is a member will sound a well-tuned musical
scale.

At first glance either one of the two pitches assigned to the rod’s sound
seems plausible. If you consult figure 2.1, it seems quite clear that Q lies
about halfway between the frequencies conventionally associated with F3
and F3#. Similarly, both of the closely spaced frequencies that we have
called Ra and Rb imply a pitch slightly above that assigned the name C5. We
are now faced with some difficulties. First of all, why does no one assign
the pitch name in accordance with the frequency of the fourth vibrational
type (the sound labeled S)? Secondly, why does no one assert that the pitch
is truly to be given as being a trifle above A6, as is implied by T standing by
itself?

Our first reaction to the questions posed above is to ask whether it is not
true that the initial amplitudes (and hence the loudnesses) of the vibrations
that are attracting our attention are not extremely large compared with those



belonging to the other vibrations. If this were to prove correct, then we
would find an easy way to understand the responses of our listeners. One
group would fasten its attention on the lower one of the predominant
sounds, and the other group would express a preference for the paired upper
one. Actual measurement of the amplitudes of the various characteristic
sinusoids recorded on the tape shows that our projected explanation is
totally unusable. If we compare the strengths of the various sinusoids in my
particular recording to those belonging to Q, taking the latter to be of unit
size, the list is as follows: 1.0, (10.0 and 6.3), 22.0, 44. 7 . That is, the
vibration labeled Ra has 10 times the initial amplitude of the Q oscillation,
while Rb has an initial amplitude 6.3 times larger, and so on. These
measured amplitude relations show that some of our listeners assign the
pitch in agreement with the lowest frequency audible component in our
sound despite the fact that higher frequency components of the tone are
many times stronger. Other listeners assign the pitch to agree with the next
two paired (closely matching) characteristic oscillations even though the
fourth and fifth members of the collection are again very much stronger. In
no case does anyone assign the pitch on the basis of the very strong fourth
vibration (S) or the even stronger fifth one (T).

At this stage the thoughtful reader may be led to ask whether the halving
times of the various vibrations are not able to give a clue as to what is going
on, the idea being that perhaps one’s ear assigns pitch to agree with that
implied by long-persisting characteristic oscillations, whether or not they
are loudly produced. The answer to this question is easily found.
Measurement shows that the halving times of all the oscillations are roughly
alike. Furthermore, one finds that our two sets of pitch assignments are not
changed when the halving times are drastically altered by holding one’s
finger, or, better, a wad of cotton, lightly against the rod near its anchorage
while it is being struck.

Our investigation of people’s pitch assignments for the sound of rods in a
clock chime has shown us that their relation to the physical nature of the
sounds is not explained at the present point in our study. However, we have
had the opportunity to become familiar with the way in which one
investigates an acoustical phenomenon by means of physicists’ experiments
intertwined with listeners’ experiments, under the guidance of temporary
hypotheses and speculations that are based on our understanding so far. At



the end of this chapter we will be in a position to summarize the behavior of
our hearing mechanism when it is supplied with composite sounds. We will
find that pitch assignments are made in part with the help of information
concerning the �U�H�O�D�W�L�R�Q�V between the frequency components and not simply
on the basis of the frequencies themselves. Meanwhile let us look at some
more examples of the behavior of ears confronted by clangorous sounds.

�� ���� �����3�H�U�F�H�L�Y�H�G���3�L�W�F�K���,�,�,����Bells
For centuries music has been made by striking church bells of different
pitches, and it will serve our acoustical purposes to inquire into the
arrangement of the characteristic vibration frequencies they produce. Not
only are these sounds interesting in their own right, they will also help us in
our thinking about the sounds produced by the rods of a clock chime which
we examined in the previous section. This is especially worthwhile because
the clock chimes were invented as a simple way to get sounds that roughly
imitate those from real bells.

Musical bells are made in all sizes from small hand bells to large church
bells weighing as much as fifteen tons. It is significant that regardless of
their size, musical bells have a shape very similar to that shown in figure
5.1 . This is a shape that has developed over several centuries to give what
is considered an appropriate sound.

In the latter part of the nineteenth century, Lord Rayleigh, a distinguished
British physicist who contributed enormously to our understanding of
acoustics, made a study of eight tuned church bells which were used
together in his own parish church at Terling.1 It is interesting that the bells
of the Terling Peal were used as a set even though they were cast in various
years between 1623 and 1888. Bells of this sort give the listener a well-
defined sense of pitch, and the members of this set are acceptably similar in
the nature of the sounds they produce. An inter-comparison of the
characteristic oscillations of some of these bells will teach us a great deal
about how they vibrate and how we hear them.



�)�L�J������������

Because each of these bells was intended to sound a definite note of the
musical scale, we expect that the characteristic frequencies of one bell will
be quite different from those of another bell in the set. Since each of the five
bells we will consider possesses a half dozen characteristic frequencies that
are of interest to us, we could easily become lost in a welter of numbers if
no way can be found to simplify our handling of this mass of data. Let us
devise an artifice that puts them all upon a common basis. Many people
have noticed that a phonograph record which was recorded so as to give
proper reproduction at a turntable speed of 33 ⅓ r.p.m. will, when played at
45 r.p.m., produce its music transposed up by an amount which a musician
would say is a trifle more than a perfect fourth. That is, every note in the
music is transferred in pitch to a spot that is slightly more than five
semitones farther up the musical scale. Similarly, playing this same record
at 78 r.p.m. is found to transpose the music by about 2⅔ semitones more
than an octave. This suggests that we imagine our bells to be recorded and
then played back on an adjustable-speed phonograph or tape machine, using
carefully chosen speeds which make all the bells sound at the same
perceived pitch. Let us choose the playback speed to be such that all bells



sound at a pitch that listeners agree on calling C, and it will be the one
termed C4, found at the middle of the piano. You may recall that this pitch
is conventionally associated with a repetition rate of 261.6/second. A band-
pass filter can be used to measure the characteristic frequencies present in
the played-back sounds. The five rows of table 5.1 give Rayleigh’s
measurements converted to a common basis of perceived pitch by making
use of my own electrical synthesis of these sounds plus a record-and-
playback procedure similar to the one described above. The correctness of
my pitch adjustments was confirmed by a group of about twenty musically
experienced listeners.

A glance at the column giving the first (lowest) characteristic frequency
(P) for each bell shows that none of these frequencies seem to match the
expected 261.6/second oscillation rate. The pitches implied by the first
oscillation frequencies of the bells are scattered over a range of about a
semitone and a half �D�E�R�Y�H the expected frequency. In a similar fashion we
notice that the pitches we would assign to the second characteristic
frequencies (Q) of these bells randomly cover a range of almost two-and-a-
half semitones.

It is a common experience among musicians to make an error of an exact
octave either way in comparing the pitches of unfamiliar sounds with the
notes of a piano. We are therefore led to ask whether the second
characteristic frequency (Q) is not close to the frequency associated with
C5. Again we find that none of the bells have frequencies that lie close to
the 523/second oscillation frequency that is normally associated with C5.

Table 5.1���)�U�H�T�X�H�Q�F�L�H�V���R�I���D���6�H�W���R�I���&�K�X�U�F�K���%�H�O�O�V



Continuing our examination of the table, we find that the third
characteristic frequencies (R) of these bells agree only crudely with one
another. Their pitches would agree within about a semitone if they could be
excited independently of the other bell sounds. We do not, however, find
any obvious relation between the R sounds from our bells and the
frequencies belonging to the various musical Cs, nor do we find any for the
more scattered frequencies for S, so we turn our attention to the column
listing the fifth characteristic frequency for each bell. Here again we find a
random spread of a little more than a semitone.

The first conclusion we can draw from our examination of the sounds of
church bells is that accurate tuning of their pitch does not require exactitude
in the adjustment of each one of the various characteristic frequencies.
Further experiment shows also that the amplitudes of the various
components in the sound may be drastically varied with only small
alterations in the perceived pitch. Students of musical perception have not,
unfortunately, given much attention to bell-like sounds. They have however
made extensive studies of simpler sounds which have the same curious
properties. We will return at the end of the chapter to describe the general
habits followed by our ears in assigning pitch to composite sounds. At the
moment, however, we must satisfy ourselves with simply noticing that the
bells have called our attention to the �S�R�V�V�L�E�L�O�L�W�\ of sounds whose pitches are
not connected in some obvious manner to the frequencies of their
components. Our experience with the clock chimes has also illustrated the
general fact that the pitch assignments made by our ears are quite
insensitive to the relative amplitudes of the various components. By the
way, comparison of Rayleigh’s measurements with those made on over one
hundred bells manufactured recently in Germany shows that our
observations are a fair representation of the basic properties of bells as they
exist today.2

Let us turn our attention now to the sounds which arise from musical
strings such as those of a piano or a guitar. For these sounds we find that
there are indeed easily detected numerical relationships between the
characteristic frequencies and the repetition rates by means of which we
have agreed to measure pitch. These numerical relationships turn out to
give us clues to an understanding of what is going on when we listen to the
more mysterious sounds of chimes and bells.



�� ���� �����) �U�H�T�X�H�Q�F�\���&�R�P�S�R�Q�H�Q�W�V���R�I���W�K�H���6�R�X�Q�G�V���I�U�R�P���D
�3�O�X�F�N�H�G���R�U���6�W�U�X�F�N���6�W�U�L�Q�J����Guitars and Pianos
The piano is a very familiar musical instrument whose sound is impulsively
excited; a similar close cousin is the guitar. From our present preliminary
point of view, the differences between struck piano strings and the plucked
strings of a guitar or a harpsichord are only matters of detail. In all three
instruments a tightly stretched string is abruptly set in motion and
afterwards left free to oscillate in the ways that a_e characteristic of this
particular kind of elongated vibrator.

We at once discover that the lowest characteristic frequency (P) of a
string is almost exactly that corresponding to the conventional repetition
rate that we assigned to a note of the same pitch. Because a guitar is
particularly easy to experiment with, we will begin by using a band-pass
filter to sort out the various damped sinusoidal oscillations characteristic of
the strings of a guitar.

I have made several sets of measurements on my daughter’s nylon-
stringed guitar which will serve very well as the basis for our preliminary
study of the vibrations of strings. In order to make it easier for us to
discover the common features among the vibrations of the set of six strings,
we will once again make use of the artifice of recording the sounds of all
the strings at one speed and playing them back at another one, so as to
transpose them all to the same pitch. For arithmetical convenience, we will
record and play back in such a way that the first characteristic frequency (P)
of every string is translated to the common value of 300 oscillations/second.
The results of one set of measurements of the guitar are displayed in table
5.2. In the left-hand column we find the string number and note name for
each string as it is found on the guitar. All of the frequencies under the
heading P are given as 300/second, in accordance with our recording
prescription. A glance at the column marked Q shows immediately that the
second characteristic oscillation frequency of every string is very close to
600/second. Similarly we notice that R always lies very near to 900/second,
while S and T are closely equal to 1200 and 1500 oscillations /second. If
our table had been extended further we would observe the continuation of
this simple-appearing behavior. In every case the characteristic frequencies
of our guitar strings are found to be very nearly whole-number multiples of



the lowest frequency that is characteristic of each string. For example, for
the G string the ratios P/P, Q/P, R/P, . . . are 1.000, 2.007, 3.009, 4.015,
5.014. Notice how much more orderly these frequency ratios appear than do
the ones listed in section 5. 1 for the glockenspiel bar. Before we become
too charmed by the simplicity inherent in this whole-number relationship,
we should try to determine whether the discrepancies between the simple
whole-number relation and the measured frequencies of the strings are the
result of experimental error in the measurement (so that they may be
ignored here), or whether they are the manifestation of further complexities
that we will perhaps need to study later. When the string frequencies are
carefully re-measured by various techniques, we find that these
discrepancies truly belong to the guitar and its strings. However, we do
observe that re-tuning the instrument to a slightly higher pitch will
�U�H�D�U�U�D�Q�J�H the discrepancies.

Table 5.2���0�H�D�V�X�U�H�G���9�D�O�X�H�V���R�I���&�R�P�S�R�Q�H�Q�W�V���R�I���D���6�H�W���R�I���*�X�L�W�D�U���6�W�U�L�Q�J�V

In table 5.3 we see two examples of the effect of tuning the guitar up
from its earlier pitch to one about half a semitone higher. We see here an
alteration in every case of the discrepancy between the whole-number
relation and the measured frequencies. One also finds that installation of a
set of new strings or even a drastic change in the weather will cause a
similar rearrangement of the measured discrepancies. When the frets are
used in the usual way to get various pitches by altering the length of string
which can vibrate, once again it turns out that the characteristic frequencies



produced by the string display the same general pattern of whole-number
regularity plus discrepancy.

Analogous measurements of the strings of a piano show that the
frequency ratios are extremely close to being whole numbers (integers)
through the middle part of the keyboard. The discrepancies observed for
strings in the top and bottom two octaves of the piano range are found to be
large.

What departure from the integer relations one observes can itself be
resolved into two parts: (1) a smoothly varying progressive increase of the
successive ratios above the integer values, and (2) small, randomly
appearing but perfectly definite fluctuations above and below these
smoothly modified numbers.

Let us distill the results of our preliminary investigations of impulsively
excited strings into a few sentences. Careful measurements of the lowest,
second, third, etc., characteristic frequencies (P, Q, R, ...) for strings
mounted on musical instruments show us that there are two major features
to be recognized in the sounds:

1. The upper characteristic frequencies are found to be almost exactly
whole-number multiples of the first one.

2. Small departures from the whole-number ratios are commonly
observed.

We will find that both aspects of the behavior of strings are of musical
importance. At the present moment we should notice some of the
remarkable implications of the first of these observations.

Table 5.3���(�I�I�H�F�W���R�I���5�H���W�X�Q�L�Q�J���R�Q���D���6�W�U�L�Q�J�ä�V���&�K�D�U�D�F�W�H�U�L�V�W�L�F���)�U�H�T�X�H�Q�F�\
�5�H�O�D�W�L�R�Q�V�K�L�S�V



�� ���� �����6�R�X�Q�G�V���+�D�Y�L�Q�J���: �K�R�O�H���1�X�P�E�H�U���) �U�H�T�X�H�Q�F�\���5�D�W�L�R�V

Let us imagine that we have available to us a hypothetical string which,
when plucked or struck, vibrates in a family of characteristic damped
sinusoidal oscillations whose frequencies are arranged in an exact whole-
number relation; that is, Q is exactly 2P, R = 3P, S = 4P, and so on.

�'�L�J�U�H�V�V�L�R�Q���R�Q���W�K�H���1�X�P�H�U�L�F�D�O���/�D�E�H�O�L�Q�J of �1�D�W�X�U�D�O���)�U�H�T�X�H�Q�F�L�H�V��

�: �H���F�D�Q���H�[�S�U�H�V�V���W�K�L�V���Z�K�R�O�H���Q�X�P�E�H�U���U�H�O�D�W�L�R�Q�V�K�L�S���E�H�W�Z�H�H�Q���R�V�F�L�O�O�D�W�L�R�Q
�I�U�H�T�X�H�Q�F�L�H�V���Y�H�U�\���F�R�P�S�D�F�W�O�\���D�V���I�R�O�O�R�Z�V�����,�I���Z�H���X�V�H���W�K�H���O�H�W�W�H�U���Q���W�R���V�W�D�Q�G���I�R�U any
one �R�I���W�K�H���L�Q�W�H�J�H�U�V�ß�W�K�D�W���L�V�����Q��� ���������R�U���������R�U���������H�W�F���ß�D�Q�G���L�I���W�K�H���F�K�D�U�D�F�W�H�U�L�V�W�L�F
�I�U�H�T�X�H�Q�F�L�H�V���D�U�H���J�L�Y�H�Q���W�K�H���V�H�U�L�D�O�O�\���Q�X�P�E�H�U�H�G���Q�D�P�H�V���I�������I�������I�� �L�Q�V�W�H�D�G���R�I���R�X�U
�D�O�S�K�D�E�H�W�L�F�D�O���Q�D�P�H�V�����W�K�H�Q���W�K�H���Q�W�K���R�Q�H���R�I���W�K�H�V�H���I�U�H�T�X�H�Q�F�L�H�V���F�D�Q���E�H���U�H�I�H�U�U�H�G���W�R
�D�V���I�Q�����7�K�H���G�H�V�L�U�H�G���L�Q�W�H�J�H�U���U�H�O�D�W�L�R�Q���E�H�W�Z�H�H�Q���W�K�H���V�X�F�F�H�V�V�L�Y�H���V�W�U�L�Q�J���I�U�H�T�X�H�Q�F�L�H�V
�F�D�Q���E�H���Z�U�L�W�W�H�Q���L�Q���D���P�D�W�K�H�P�D�W�L�F�D�O�O�\���W�L�G�\���I�D�V�K�L�R�Q���D�V���I�R�O�O�R�Z�V��

fn = nf1

�2�Q�H���U�H�D�G�V���W�K�L�V���P�D�W�K�H�P�D�W�L�F�D�O���V�H�Q�W�H�Q�F�H���W�K�X�V�����ç�I���V�X�E���Q���L�V���H�T�X�D�O���W�R���Q���W�L�P�H�V���I
�V�X�E���������è���P�H�D�Q�L�Q�J���W�K�D�W���W�K�H���Q�W�K���I�U�H�T�X�H�Q�F�\���L�V���Q���W�L�P�H�V���D�V���O�D�U�J�H���D�V���W�K�H���I�L�U�V�W���R�Q�H
�L�Q���W�K�H���V�H�W��



In the language of chapter 2, we can say that the repetition rate for any one
of our idealized string’s sinusoidal oscillations is a whole number times the
repetition rate associated with its lowest frequency oscillation. Let us look
into what happens when account is taken of the fact that the string is
actually vibrating with a whole set of integrally related frequencies.

Suppose that for conceptual simplicity we assign an imaginary drummer
to each characteristic oscillation of our string, giving him the job of tapping
with a repetition rate equal to that measured for his “own” string oscillation.
The whole-number relation between the string frequencies then requires
that the drummer assigned to keep time with the second characteristic
oscillation should beat twice as fast as drummer number 1. Similarly
drummer 3 taps three times as fast as drummer 1, and so on. The upper four
lines of figure 5.2 show the timing of the successive taps produced by the
first four of our set of drummers. The bottom line of the diagram shows the
resulting rhythmic pattern that one would hear. Every drummer strikes in
unison with the blows of drummer 1, giving a strongly marked beat, and
drummers 2, 4, ... strike at the midpoints between these accented taps,
giving a somewhat less accented tap. The important thing to notice is that
the repetition rate of the complete rhythmic pattern produced by the
composite set of tappings is exactly the same as that of the lowest frequency
member (see sec. 2.3, “Repetition Rates of Rhythmic Patterns”). Musicians
should not find this idea hard to understand if they compare my explanation
above with what they would expect from a rhythmic pattern written out as
in figure 5.3.



�)�L�J���������������3�D�W�W�H�U�Q���0�D�G�H���E�\���7�D�S�S�L�Q�J���5�D�W�H�V���+�D�Y�L�Q�J���D���:�K�R�O�H���1�X�P�E�H�U���5�H�O�D�W�L�R�Q

Let us look now at some examples using sinusoidal disturbances instead
of drumbeats. The top two parts of figure 5.4 show sinusoids whose
frequencies differ by a factor of two. If our simplified string could be
excited by some means that sets into motion only the first two of its
characteristic oscillations, then the oscilloscope picture produced from a
microphone in its neighborhood would look something like the curve
shown in the third part of the figure. This curve is produced by the addition
of the two curves immediately above it. Notice that the repetition time of
the somewhat spiky composite curve (and hence its repetition rate) is
exactly that of the f1 component at the top of the diagram. The bottom part
of the figure shows the result of combining additional sinusoids, so that the
curve is that belonging to the sum of the first six oscillations in our
specially chosen set.

�)�L�J���������������&�R�P�E�L�Q�D�W�L�R�Q���R�I���6�L�Q�X�V�R�L�G�V���+�D�Y�L�Q�J���D���:�K�R�O�H���1�X�P�E�H�U���)�U�H�T�X�H�Q�F�\
�5�H�O�D�W�L�R�Q



�)�L�J������������

�)�L�J���������������7�K�L�V���I�L�J�X�U�H���L�V���L�G�H�Q�W�L�F�D�O���Z�L�W�K���W�K�H���X�S�S�H�U���W�K�U�H�H���V�H�F�W�L�R�Q�V���R�I���I�L�J�X�U�H��������
�H�[�F�H�S�W���W�K�D�W���W�K�H���V�H�F�R�Q�G���F�R�P�S�R�Q�H�Q�W���K�D�V���E�H�H�Q���G�L�V�S�O�D�F�H�G�����1�R�W�H���W�K�D�W���W�K�H

�U�H�S�H�W�L�W�L�R�Q���W�L�P�H���L�V���X�Q�D�I�I�H�F�W�H�G���E�\���W�K�L�V���F�K�D�Q�J�H��

Figure 5.5 shows a slightly modified version of the upper three sections
of figure 5.4. This time the f2 component is “slid over” in time so that it no
longer has every second upward excursion coincident with every upward
excursion of the f1 component. We notice that the summation of these two
oscillations gives a resultant pattern whose shape is different from the one



obtained before, but once again we see that the repetition time is equal to
that of the lowest frequency (f1) oscillation.

Adding components whose frequencies are in whole-number
relationships has shown us something that will prove to be very important
to our understanding not only of the physical basis of tone color but also of
the special relationships between notes which underlie formal music all
over the world. Let us set down some of the properties of the class of
sounds that would be made by our hypothetical strings.

1. No matter what the strength of excitation of the various oscillations,
the repetition rate for the whole signal as it reaches a microphone (or our
ears) would be exactly that of the lowest frequency sinusoidal component
that is characteristic of the string.

2. Because the net repetition rate of the vibration is independent of how
or where the string is struck, one would always get the same perceived pitch
sensation for the string sound. This means that �W�K�H���S�L�W�F�K���L�V���X�Q�D�P�E�L�J�X�R�X�V��

Digression: Sounds with Only Even Harmonics.

�,�Q���W�K�H���V�W�U�L�F�W�H�V�W���R�I���O�R�J�L�F�����R�Q�H���P�L�J�K�W���D�V�N���D�E�R�X�W���D���S�R�V�V�L�E�O�H���L�Q�D�G�H�T�X�D�F�\���R�I���L�W�H�P����
�D�E�R�Y�H�����,�P�D�J�L�Q�H���D�Q���L�Q�J�H�Q�L�R�X�V���H�[�F�L�W�D�W�L�R�Q���P�H�W�K�R�G���W�K�D�W���I�D�L�O�V���W�R���H�[�F�L�W�H���W�K�H���R�G�G��
�Q�X�P�E�H�U�H�G���R�V�F�L�O�O�D�W�L�R�Q�V�����V�R���W�K�D�W���R�Q�O�\���I�������I�������I���������������D�U�H���S�U�H�V�H�Q�W�����7�K�H�V�H���P�D�\���E�H
�Z�U�L�W�W�H�Q���R�X�W���D�V���I�R�O�O�R�Z�V��

f2 = 2f1 = 1 × (2f1) 
f4 = 4f1 = 2 × (2f1) 
f6 = 6f1 = 3 × (2f1) 
etc.

�7�K�L�V���V�K�R�Z�V���W�K�D�W���R�X�U���Q�H�Z���V�H�W���R�I���I�U�H�T�X�H�Q�F�\���F�R�P�S�R�Q�H�Q�W�V���L�V���L�W�V�H�O�I���F�R�Q�V�W�U�X�F�W�H�G
�R�X�W���R�I���L�Q�W�H�J�H�U���P�X�O�W�L�S�O�H�V���R�I���D���Q�H�Z���E�D�V�L�F���I�U�H�T�X�H�Q�F�\���Z�K�R�V�H���Y�D�O�X�H���L�V�������I���������7�K�H
�U�H�S�H�W�L�W�L�R�Q���U�D�W�H���L�V���W�K�H�U�H�I�R�U�H���G�R�X�E�O�H�G�����D�Q�G���W�K�H���Z�K�R�O�H���J�D�P�H���E�H�J�L�Q�V���D�J�D�L�Q�����:�H



�Z�R�X�O�G���S�H�U�F�H�L�Y�H���W�K�L�V���D�O�W�H�U�H�G���V�R�X�Q�G���D�V���K�D�Y�L�Q�J���D���S�L�W�F�K���R�Q�H���R�F�W�D�Y�H���K�L�J�K�H�U���W�K�D�Q
�W�K�H���Q�R�U�P�D�O�O�\���H�[�F�L�W�H�G���R�Q�H��

�$�V���D���S�U�D�F�W�L�F�D�O���P�D�W�W�H�U�����L�W���L�V���Q�R�W���S�D�U�W�L�F�X�O�D�U�O�\���G�L�I�I�L�F�X�O�W���W�R���D�U�U�D�Q�J�H���S�H�F�X�O�L�D�U
�H�[�F�L�W�D�W�L�R�Q�V���R�I���W�K�H���V�R�U�W���G�H�V�F�U�L�E�H�G���L�Q���W�K�H���S�U�H�F�H�G�L�Q�J���S�D�U�D�J�U�D�S�K�����D�Q�G���L�I���R�Q�H
�Z�H�U�H���W�R���P�H�H�W���V�X�F�K���D���V�L�W�X�D�W�L�R�Q���L�W���F�R�X�O�G���H�D�V�L�O�\���E�H���U�H�F�R�J�Q�L�]�H�G���D�V���V�X�F�K���Z�L�W�K���W�K�H
�K�H�O�S���R�I���V�L�P�S�O�H���D�X�[�L�O�L�D�U�\���H�[�S�H�U�L�P�H�Q�W�V�����2�Q�H���Z�R�X�O�G���Q�H�H�G���R�Q�O�\���W�R���S�O�X�F�N���R�U
�V�W�U�L�N�H���W�K�H���V�W�U�L�Q�J���D�W���U�D�Q�G�R�P���V�S�R�W�V���R�Q�F�H���R�U���W�Z�L�F�H���L�Q���R�U�G�H�U���W�R���I�L�Q�G���R�X�W���W�K�H���W�U�X�H
�Q�D�W�X�U�H���R�I���W�K�H���V�W�U�L�Q�J��

There is something intellectually very attractive about the apparent
simplicity of sounds made up of components having integer frequency
ratios, and it is easy to devise lengthy numerological games based on their
presumed properties. Before we fall into this trap, however, it would be
advisable to find out whether such sounds can in fact be generated. If such
sounds can be generated, we then must ask whether our ears and nervous
system deal with them in a way that corresponds at all with experiencing
the sounds from real strings. The first question can be answered
affirmatively in two ways:

1. A truly uniform slender string of suitable material, stretched tightly
enough between sufficiently rigid supports, will produce sounds whose
components have frequencies that are in very nearly perfect integer relation.
The sounds from such a string differ only subtly from those produced by a
string vibrating under less formalistic conditions. That is, nothing drastic
happens to the perceived sound as long as the string has nearly integer
frequency relations.

2. We find that there is a large class of familiar sound sources that
normally produce sounds whose frequency components are found to be
related in the precisely whole-number manner that we postulated for our
hypothetical strings. Examples of sources of this kind are very common.
The human voice is the most familiar one, while the woodwind and brass



instruments join with the violin family to provide orchestral examples.
These diverse sound sources have one common element in their nature that
sets them apart from the bells, chimes, and strings we have considered so
far. Instead of simply ringing (and decaying away) in response to an
impulsive stimulus, all of these instruments are capable of producing
�V�X�V�W�D�L�Q�H�G sounds. They are devices that are capable of converting the steady
flow of air from a man’s lungs, or the steady motion of the bow in his hand,
into the oscillatory vibrations which give rise to the sound we hear. We shall
see in a later chapter that only under very special circumstances can such
devices be persuaded to maintain steady oscillations whose frequency
components are not in an exact whole-number relation to the basic
repetition rate.

It turns out that the vast majority of our musical listening experiences are
with sounds whose frequency components are in exact whole-number
relation, or very nearly so. It is not surprising, then, that the formal structure
of music (wherever it has developed over the world) is strongly influenced
by the properties of sounds each of which has whole-number relations
among its components. We also find that many subtleties in music arise
through the slight �L�Qharmonicities which are present in the tones of some
instruments.

This book has opened with an investigation of impulsive and
heterogeneous sounds from struck objects, not only because of the
simplicity of initial exposition but also as a means for underlining the
special nature of the sound-producers that man has selected for his musical
activities. It is time therefore to return to the sounds of bells and chimes in
order to compare them with the sounds of plucked or struck strings.

�� ���� �����7�K�H���3�L�W�F�K���R�I���&�K�L�P�H�V���D�Q�G���%�H�O�O�V����Hints of Pattern
Recognition
We have found that the characteristic frequencies that make up any one
sound from any one of the commoner orchestral instruments are arranged as
exact (or very nearly exact) integer multiples of a certain basic frequency. It
is this basic frequency component that determines the repetition rate of the



sound we hear and also, as we have learned, its musical pitch. Let us use
this knowledge to help ourselves gain some understanding of the way in
which we assign pitches to chimes and bells, whose characteristic
frequencies do not arrange themselves in whole-number relationships.

Digression on Terminology:

Some Partials Are Harmonic.

�,�W���Z�L�O�O���V�D�Y�H���D���J�U�H�D�W���G�H�D�O���R�I���F�L�U�F�X�P�O�R�F�X�W�L�R�Q���L�I���Z�H���S�U�R�Y�L�G�H���R�X�U�V�H�O�Y�H�V���Z�L�W�K���V�R�P�H
�W�H�U�P�L�Q�R�O�R�J�\���F�D�U�H�I�X�O�O�\���F�K�R�V�H�Q���I�R�U���W�K�H���G�H�V�F�U�L�S�W�L�R�Q���R�I���W�K�H���Y�D�U�L�R�X�V���F�R�P�S�R�Q�H�Q�W�V
�P�D�N�L�Q�J���X�S���W�K�H���V�R�X�Q�G���Z�H���D�U�H���G�H�D�O�L�Q�J���Z�L�W�K�����)�L�U�V�W���R�I���D�O�O�����L�Q���D�Q�\���V�R�X�Q�G���P�D�G�H���X�S
�R�I���V�L�Q�X�V�R�L�G�D�O���F�R�P�S�R�Q�H�Q�W�V�����Z�H���Z�L�O�O���F�R�Q�W�L�Q�X�H���W�R���D�V�V�L�J�Q���L�G�H�Q�W�L�I�\�L�Q�J���O�H�W�W�H�U�V���I�U�R�P
�W�K�H���O�D�W�W�H�U���S�D�U�W���R�I���W�K�H���D�O�S�K�D�E�H�W�����R�U���V�H�U�L�D�O���Q�X�P�E�H�U�V�����D�V�V�L�J�Q�L�Q�J���W�K�H�P���D�F�F�R�U�G�L�Q�J
�W�R���W�K�H�L�U���R�U�G�H�U�����E�H�J�L�Q�Q�L�Q�J���D�W���W�K�H���O�R�Z�H�V�W���R�Q�H�����7�K�D�W���L�V�����Z�H���Z�L�O�O���F�D�O�O���W�K�H�V�H
�I�U�H�T�X�H�Q�F�L�H�V���3�����4�����5�����������������R�U���I�������I�������I���������������6�R�P�H�W�L�P�H�V���L�W���Z�L�O�O���E�H���X�V�H�I�X�O���W�R���U�H�I�H�U���W�R
�W�K�H�V�H���F�R�P�S�R�Q�H�Q�W�V���D�V���W�K�H���S�D�U�W�L�D�O�V���R�I���W�K�H���V�R�X�Q�G���L�Q���T�X�H�V�W�L�R�Q�����:�K�H�Q���W�K�L�V���Z�R�U�G���L�V
�X�V�H�G�����Z�H���Z�L�O�O���X�Q�G�H�U�V�W�D�Q�G���W�K�D�W���Q�R���S�D�U�W�L�F�X�O�D�U���U�H�O�D�W�L�R�Q�V�K�L�S���L�V���W�R���E�H���D�V�V�X�P�H�G
�E�H�W�Z�H�H�Q���W�K�H���I�U�H�T�X�H�Q�F�L�H�V���R�I���W�K�H�V�H���S�D�U�W�L�D�O�V�����W�K�H�L�U���I�U�H�T�X�H�Q�F�L�H�V���P�D�\���R�U���P�D�\���Q�R�W
�K�D�Y�H���D���Z�K�R�O�H���Q�X�P�E�H�U���U�H�O�D�W�L�R�Q�V�K�L�S�����7�K�H�V�H���F�R�P�S�R�Q�H�Q�W�V���Z�L�O�O���V�W�L�O�O���E�H���U�H�I�H�U�U�H�G
�W�R���E�\���W�K�H�L�U���V�H�U�L�D�O���Q�X�P�E�H�U�V���D�V first partial (�U�H�I�H�U�U�L�Q�J���W�R���W�K�H���F�R�P�S�R�Q�H�Q�W
�O�D�E�H�O�H�G���3���R�U���I������ second partial (�D�O�V�R���N�Q�R�Z�Q���D�V���4���R�U���I���������H�W�F.

�: �H���W�X�U�Q���Q�R�Z���W�R���W�K�H���V�S�H�F�L�D�O���F�D�V�H���R�I���V�R�X�Q�G�V���L�Q���Z�K�L�F�K���W�K�H���I�U�H�T�X�H�Q�F�L�H�V���R�I���W�K�H
�Y�D�U�L�R�X�V���V�L�Q�X�V�R�L�G�D�O���S�D�U�W�L�D�O�V���D�U�H���Z�K�R�O�H���Q�X�P�E�H�U���P�X�O�W�L�S�O�H�V���R�I���V�R�P�H���E�D�V�L�F
�U�H�S�H�W�L�W�L�R�Q���U�D�W�H�����7�K�H���V�L�Q�X�V�R�L�G�D�O���F�R�P�S�R�Q�H�Q�W���Z�K�R�V�H���I�U�H�T�X�H�Q�F�\���P�D�W�F�K�H�V���W�K�D�W���R�I
�W�K�H���U�H�S�H�W�L�W�L�R�Q���U�D�W�H���Z�L�O�O���E�H���U�H�I�H�U�U�H�G���W�R���D�V���W�K�H fundamental �F�R�P�S�R�Q�H�Q�W�����D�Q�G���L�W�V
�I�U�H�T�X�H�Q�F�\���D�V���W�K�H fundamental frequency. �,�W���L�V���R�I�W�H�Q���U�H�I�H�U�U�H�G���W�R���D�O�V�R���D�V���W�K�H
�I�L�U�V�W���K�D�U�P�R�Q�L�F�����7�K�H���S�D�U�W�L�D�O���Z�K�R�V�H���I�U�H�T�X�H�Q�F�\���L�V���H�[�D�F�W�O�\���G�R�X�E�O�H���W�K�D�W���R�I���W�K�H
�I�X�Q�G�D�Q�]�H�Q�W�D�O���Z�L�O�O���E�H���V�D�L�G���W�R���K�D�Y�H���D���I�U�H�T�X�H�Q�F�\���Z�K�L�F�K���L�V���W�K�H second harmonic
�R�I���W�K�H���I�X�Q�G�D�P�H�Q�W�D�O���I�U�H�T�X�H�Q�F�\�����6�L�P�L�O�D�U�O�\���Z�H���Z�L�O�O���V�D�\���W�K�D�W���V�L�Q�X�V�R�L�G�D�O
�R�V�F�L�O�O�D�W�L�R�Q�V���U�X�Q�Q�L�Q�J���D�W���W�K�U�H�H���W�L�P�H�V���W�K�H���I�X�Q�G�D�P�H�Q�W�D�O���I�U�H�T�X�H�Q�F�\���D�U�H���Y�L�E�U�D�W�L�Q�J
�D�W���W�K�H third harmonic �R�I���W�K�H���I�X�Q�G�D�P�H�Q�W�D�O���I�U�H�T�X�H�Q�F�\��

�: �H���Z�L�O�O���K�D�Y�H���W�R���E�H���Y�H�U�\���V�W�U�L�F�W���L�Q���R�X�U���W�H�U�P�L�Q�R�O�R�J�\���R�U���H�Q�G�O�H�V�V���F�R�Q�I�X�V�L�R�Q���F�D�Q
�U�H�V�X�O�W�����7�K�H���Z�R�U�G harmonic �L�V���W�R���E�H���X�V�H�G only �Z�K�H�Q���Z�H���P�H�D�Q���W�R���L�P�S�O�\���D�Q
�H�[�D�F�W���Z�K�R�O�H���Q�X�P�E�H�U���I�U�H�T�X�H�Q�F�\���U�H�O�D�W�L�R�Q�V�K�L�S�����7�R���K�H�O�S���P�D�N�H���W�K�L�Q�J�V���G�H�D�U�����Z�H



�P�D�\���Q�R�W�L�F�H���W�K�D�W���W�K�H���S�D�U�W�L�D�O�V���R�I a �J�X�L�W�D�U���V�W�U�L�Q�J���K�D�Y�H���I�U�H�T�X�H�Q�F�L�H�V���Z�K�L�F�K���D�U�H
�Y�H�U�\���Q�H�D�U�O�\�����E�X�W���Q�R�W���H�[�D�F�W�O�\�����K�D�U�P�R�Q�L�F�V���R�I���W�K�H���I�U�H�T�X�H�Q�F�\���R�I���W�K�H���I�L�U�V�W�����O�R�Z�H�V�W��
�S�D�U�W�L�D�O��

We learned earlier in this chapter that musically experienced people
won’t necessarily agree on what pitch to assign to the sound of a
grandfather clock chime. In the context of our present understanding of
musical sounds, we may wonder whether the frequencies of the chimes’
partials can be recognized by our nervous system as belonging to two
differently organized sequences of harmonics. That is, can we find hints of
a series of harmonics whose fundamental corresponds to the approximate F3
that some listeners hear? Similarly, can we detect signs of a harmonic series
whose fundamental implies the pitch just above the C5 perceived by others?
In our earlier investigation of this sound we recognized that the second
partial has a frequency consistent with one of these pitch assignments while
the two closely spaced partials (which were labeled Ra and Rb) are
associated with the other one. Our earlier difficulty stemmed from our
inability to dispose of all the other partials making up the tone; could these
be members of harmonic series based on the assigned pitches?

Figure 5.6 shows the frequencies of all the partials up through f4 (S) laid
out as dots along a frequency scale. Above the frequency axis of this
diagram we see a pair of arrows located at frequencies corresponding to a
fundamental, belonging to the note C5, and its second harmonic. The
fundamental arrow is pointing at the pair of Rs, while the arrow for the
second harmonic points almost exactly at the measured S. It seems possible,
then, that our ears can seize on the relationship of these two strong
components and accept them jointly as the two lowest members
(fundamental and second harmonic) of a set of partials belonging to a sound
whose pitch is near C5.



�)�L�J���������������$�V�V�L�J�Q�P�H�Q�W���R�I���3�L�W�F�K�H�V���W�R���6�R�X�Q�G���I�U�R�P���D���&�O�R�F�N���&�K�L�P�H

Below the frequency axis we find in similar fashion a set of arrows
indicating the frequencies making up the set (fundamental and its
harmonics) belonging to the sharp-pitched F3 which we associated with the
measured f2 (which was labeled Q earlier). This time we find that the
arrows corresponding to the fundamental, the third, and the sixth harmonics
point very nearly at the dots indicating the measured components Q, R, and
S.

Our search for integer relations among the frequency components of a
struck chime rod has been reasonably successful, in that it gives results that
seem consistent with the �K�\�S�R�W�K�H�V�L�V that our ears assign pitch (when
possible) on the basis of any whole-number sequences they can find.

We turn our attention next to the bell sounds, to see whether they give
any support to our hypothesis that pitch is assigned on the basis of
approximately whole-number frequency relationships. The individual lines
of figure 5.7 show the frequencies of the first five partials for the first five
bells in the Terling Peal, laid out by means of dots on a frequency axis in
exactly the same way as was done for the chime rod. The dashed vertical
lines appearing on the diagram indicate the fundamental repetition
frequency and its harmonics belonging to a reference sound whose pitch
matches that of the bells as made uniform by a variable-speed recording
device.



Inspection of the line corresponding to bell 1 shows that the first partial
(marked P) has a frequency quite close to that assumed for the fundamental.
Furthermore, we see that partials 4 and 5 agree extremely well with
harmonics 3 and 4 of the pitch reference tone. We note that partials 2 and 3
do not seem to agree with any member of the reference harmonic series.

�)�L�J���������������)�U�H�T�X�H�Q�F�\���&�R�P�S�R�Q�H�Q�W�V���R�I���%�H�O�O�V���$�G�M�X�V�W�H�G���W�R���W�K�H���6�D�P�H���3�L�W�F�K

Skipping now to bells 3, 4, and 5, we find that partials 1, 2, 4, and 5 agree
quite well with the fundamental and harmonics 2, 3, and 4 belonging to our
pitch reference. Partial 3 never seems to fit in. Bell 2 does not show such a
clear-cut relation, although the frequencies of partials 1 and 4 are roughly
equal to those of the fundamental and third harmonic of our reference
sound. Interestingly enough, most listeners feel quite uneasy about
assigning pitch to this bell, even though they find no difficulty with the
other ones.

Looking over the data we come to realize that for a bell to have a
reasonably well-defined pitch (so that it can be matched with a normal sort
of tone having harmonic partials), our ears do not demand any particular set



of component frequencies from it. That is, our ears do not demand that the
same (only approximately harmonic) partials serve identically as the
“pointers” in the sounds for all the bells. All that is required is a sufficient
number of sufficiently consistent clues. The frequencies of the skillet clang
listed on p. 43 are similar to these bell sounds in that they are not
harmonically related.

�� ���� �����$�Q�R�W�K�H�U���3�L�W�F�K���$�V�V�L�J�Q�P�H�Q�W���3�K�H�Q�R�P�H�Q�R�Q����The
Effect of Suppressing Upper or Lower Partials
In the previous section of this chapter we found ourselves thinking about
the ways in which our ears respond to sounds fed to them from bells and
chimes. We noticed that the act of assigning pitch to sounds of this kind
appeared to involve the detection of an �D�S�S�U�R�[�L�P�D�W�H regularity in the
frequency pattern of the partial components of the sound. Let us turn our
attention now to a different kind of stimulus for our ears. This time we will
experiment with the effect on pitch of removing one or more components
from a collection of sinusoids whose frequencies are harmonically related.

We have already seen that a sound made up of sinusoidal components
whose frequencies are whole-number multiples of some fundamental
frequency (for example, the musical tone A3 which is made up of
components whose frequencies are 220, 440, 660, 880, ... oscillations
/second) forms a complex disturbance whose mathematical repetition rate is
exactly equal to that of the fundamental component. It takes only a
moment’s thought to realize that since every one of the components “comes
out even” at this repetition rate, one should be able to add or delete
components from this collection without altering the repetition rate, at least
as far as the physicist is concerned.

It is easy to verify in the laboratory that lopping off the higher frequency
members of our collection of harmonics does not alter the perceived pitch
of the sound. In a less rigorous fashion we can all verify the correctness of
this observation by playing with the treble tone control knob on a high-
fidelity amplifier as some music (or preferably a single note) is played.
Changing this knob serves to strengthen or weaken the higher harmonics of
the tone as it is projected to our ears by the loudspeaker. We certainly are
aware of alterations in the sound, but pitch changes are not among them.



We have already met a prime example of the fact that pitch can be
independent of changes in harmonic content. The single-frequency sound
produced by a properly struck tuning fork serves perfectly well as a pitch
reference for an oboist whose instrument generates a tone containing a
dozen or more harmonics.

The stability of our pitch perceptions as the higher harmonics are
removed from the tone is perhaps to be considered obvious on the face of it.
The fundamental component by itself appears able to define the pitch. One
might be tempted to say that the higher harmonics have no particular role,
that they are merely present and do not provide conflicting cues. Let us
check up on this apparent simplicity by performing new experiments in the
laboratory, progressively removing not the higher components but the lower
ones, beginning with the fundamental. Suppose that once again we start
with a sound constructed of a 220/second fundamental sinusoid plus (for
example) the next five partials whose frequencies are 440, 660, 880, 1100,
and 1320/second. If we electronically remove the 220/second fundamental
component from this collection, our ears will nevertheless assign the pitch
in accordance with a 220/second repetition rate. If we eliminate the second
harmonic component (440/second) as well as the fundamental from our
tone, we still have no hesitation assigning the pitch exactly as before. As a
matter of fact, removal of all the components except the highest two in our
collection of six will still leave us with a sound to which we unhesitatingly
assign the original pitch.

We have everyday experience which provides informal confirmation and
generalization of this astonishing result. We are familiar with the fact that
music remains perfectly recognizable when it is played on an inexpensive
pocket transistor radio. The ordinary pitch relations of music remain exactly
the same whether it is heard “live,” or via a good high-fidelity system, or
over a small radio. One can follow the various voices without difficulty on
even the smallest radio. On such a radio, a downward running scale on the
piano, for example, can be followed easily to its lowest note, which has a
frequency of 27.5/second. This is true even though the small radio is hardly
able to emit an audible sinusoid below a frequency of about 200/second
(approximately G just below middle C on the piano)! As a result, the radio
itself is operating on all of the bass instruments in exactly the same way as
did our laboratory apparatus. In short, our experiments indicate that the ear



is able to assign pitches and even recognize other musical relationships
upon the basis of only a few harmonically related partials from each of the
various instruments. Furthermore, we seem to have found that the pitch
assignment made by our ears in this case is that which agrees with the pitch
of whatever fundamental component is �L�P�S�O�L�H�G by the exact whole-number
relationships between the frequencies of the sound components that are
supplied to them.

�� ���� �����3�L�W�F�K���$�V�V�L�J�Q�P�H�Q�W�V���D�Q�G���) �U�H�T�X�H�Q�F�\���3�D�W�W�H�U�Q�V��
Summary and Conclusions
In earlier sections of this chapter we found ourselves thinking about ways in
which our ears respond to the signals fed to them from bells and chimes.
We were led to suspect that the act of assigning pitch to a collection of
component frequencies is one in which our nervous system copes with
elaborate and irregular-seeming sets of signals, managing to separate traces
of the “interesting” patterns from a welter of detail. Let us review the
phenomena before giving a description of what the ear and the nervous
system are doing in all these cases.

1. The tuning fork and the glockenspiel bar appear fairly simple to
understand. There is no harmonic relation between the characteristic
frequencies, these frequencies are far apart, and we simply hear two or
more sounds having different pitches.

2. The sounds from plucked and struck musical strings give us an almost
equally simple-appearing example since they provide us with a large
number of partials that are arranged in an almost exact integer relationship.
The frequency pattern of the partials so closely matches its exactly
harmonic prototype that it is a little hard to imagine the complexity of the
pitch assignment process that is actually going on.

�'�L�J�U�H�V�V�L�R�Q���R�Q���W�K�H���5�H�S�H�W�L�W�L�R�Q���5�D�W�H�V���R�I���$�O�P�R�V�W���+�D�U�P�R�Q�L�F���&�R�P�S�R�Q�H�Q�W�V��



�6�R�P�H���S�H�R�S�O�H���I�L�Q�G���L�W���T�X�L�W�H���V�K�R�F�N�L�Q�J���W�R���U�H�D�O�L�]�H���W�K�D�W���E�H�F�D�X�V�H���R�I���W�K�H���V�O�L�J�K�W
�G�H�S�D�U�W�X�U�H�V���I�U�R�P���L�Q�W�H�J�H�U���U�H�O�D�W�L�R�Q�V�K�L�S�V�����D���P�D�W�K�H�P�D�W�L�F�L�D�Q���Z�R�X�O�G���F�D�O�F�X�O�D�W�H���W�K�D�W
�W�K�H actual �U�H�S�H�W�L�W�L�R�Q���I�U�H�T�X�H�Q�F�\���I�R�U���D�O�O���W�K�H���3�D�U�W�L�D�O�V���W�D�N�H�Q���W�R�J�H�W�K�H�U���I�R�U���D�Q�\
�R�Q�H���R�I���W�K�H���J�X�L�W�D�U���V�W�U�L�Q�J�V���R�I �W�D�E�O�H�������� �L�V���R�I���W�K�H���R�U�G�H�U���R�I�������R�U�������V�H�F�R�Q�G�����Z�K�L�O�H
�Z�H���F�K�H�H�U�I�X�O�O�\���D�V�V�L�J�Q���L�W���D���S�L�W�F�K���W�K�D�W���P�D�W�F�K�H�V���D���W�U�X�O�\���K�D�U�P�R�Q�L�F���V�R�X�Q�G���Z�K�R�V�H
�R�Y�H�U�D�O�O���R�V�F�L�O�O�D�W�L�R�Q�����I�X�Q�G�D�P�H�Q�W�D�O���S�O�X�V���K�D�U�P�R�Q�L�F�V�����U�H�S�H�D�W�V���D�W���D���U�D�W�H���F�O�R�V�H���W�R
���������V�H�F�R�Q�G��

3. The clock chimes provide an example of a set of sounds among which
several quasi-harmonic patterns co-exist. Figure 5.6 has led us to suspect
that the musician who hears the pitch as being just above F3 is responding
to the fact that the frequencies of the partials Q, Ra and Rb, S, and T roughly
approximate the fundamental, 3rd, 6th, and 10th harmonics of a whole-
number series whose basis is near 180 oscillations/second. These partials
are not adjacent to one another, but there are enough of them to lay out a
recognizable pattern. Similarly, listeners who hear the chime as being
pitched at C5 are responding to the fact that Ra and Rb taken together look
like a slightly fuzzy fundamental component to go with an almost precise
second harmonic provided by S. The fifth partial (T) does not fit the pattern
and is clearly heard as a separate entity. The loudness of the various
components has little influence on the way in which pitch is assigned here.

4. Observations made on the sounds of church bells add to our suspicion
that the ear somehow picks out an approximately harmonic relationship
between the various component frequencies, and assigns pitch accordingly.
Deliberate experimental alteration of the amplitudes of the various
components shows clearly that our pitch assignment is not sensitive to the
relative strengths of the various partials. We pay attention (for pitch
purposes) only to the frequencies.

5. Experiments involving the total suppression of all but two or three of
the partial components of a sound having partials with harmonically related
frequencies show in yet another way that pitch is assigned on the basis of an
implied complete set of harmonic partials.



Everywhere in our experiments we have found indications that our
nervous system processes complex sounds coming to it by seeking out
whatever subsets of almost harmonically related components it can find.
Each of these subsets then has a “best fitting” collection of true harmonics
selected for it in the processor, and pitch is assigned on the basis of the
repetition rate of these fitted components. Julius Goldstein and his co-
workers have recently shown that the brain operates upon its sensory data in
a manner closely analogous to the procedures followed by statisticians
when they make estimations according to “the method of maximum
likelihood.” The better the heard components agree among themselves
regarding the degree of harmonicity in their relationships, the quicker and
more certain we are in our pitch decisions regarding them.3

Having met an apparently simple (i.e., mathematically expressible!) way
in which the human nervous system operates while making pitch
assignments, we should recognize the fact that we are constantly
performing neurological tasks of a much more difficult sort on the stimuli
coming to us from all of our senses. We have already noticed that the
characteristic sounds of various struck objects can be recognized under the
most unpromising conditions of recording and reproduction. We perform
immensely more complicated tasks of the same sort when we recognize
pieces of music when they are played on a cheap pocket radio, or when we
carry on conversations in a noisy restaurant. We are able to perform equally
well with our eyes. There is no difficulty in recognizing a friend from his
distorted image in a fun-house mirror or a political figure from his
caricature on the editorial page of a newspaper. No problem is posed by a
five-year-old’s simple line drawing of a house even though no house was
ever built whose lines really follow those in his picture. We somehow relate
the gross arrangement of lines in the drawing to the simplest aspects of the
visual pattern that one can in fact receive when looking at a house.

The human nervous system displays a most remarkable ability to extract
the essentials from a distorted or incomplete set of sensory data. In each
case, we seem to be comparing signal patterns from the world around us
with a collection of stored concepts from our earlier experience. Depending



on how experienced we are and on what we plan to do once the relation of a
new pattern to an old one is found, we demand more or less accuracy in the
matching of details between the two patterns before we say that we have
“recognized” the new one. Study of the neurological ways in which we
accomplish these recognitions has been a very active business during the
past few decades, and considerable progress has been made in
understanding how it is done.4 We will return to these perceptual matters in
later chapters, when we take up a study of the instruments themselves and
of the physical basis of music.

�� ���� �����( �[�D�P�S�O�H�V�����( �[�S�H�U�L�P�H�Q�W�V�����D�Q�G���4�X�H�V�W�L�R�Q�V

1. One can make a rather plausible imitation of the sound of a church bell
by playing certain combinations of notes on a piano. Let us consider the
musical example given at the top of figure 5.8. For present purposes we will
take the sound associated with the C4 key to have exactly harmonic
components whose fundamental has a frequency of 261.6/second. Similarly,
the D5# written note will be taken to mean a collection of sinusoids whose
fundamental component oscillates at 622.25/second. The second part of
figure 5.8 shows these frequency components by means of dots arranged in
order along a line. Taking the first five of these components one by one, we
see that they give a reasonably good match to the partials of the bells in the
Terling Peal (see table 5.1 and fig. 5.7). Bell makers distinguish between
two main kinds of bell. In one type the third partial (R) is found to lie
among its neighbors in the place we have found it; in the other sort of bell,
R lies higher, so that in the piano imitation one would replace D5# by E5.

It is interesting and worthwhile to speculate on why composers of piano
music will often imitate bell sounds by writing combinations such as those
indicated in figure 5.9.



�)�L�J���������������$���3�L�D�Q�R���,�P�L�W�D�W�L�R�Q���R�I���D���&�K�X�U�F�K���%�H�O�O

�)�L�J������������

2. The ways in which our ears operate to assign pitch on the basis of
frequency patterns can be studied by asking a listener to identify various
little tunes played with sound sources containing components that are
carefully chosen to be in some sort of harmonic relationship implying a
fundamental frequency. Let us play such a perception game on paper by
searching for the familiar tune which is hidden in the following sequence of
eight composite sounds (assume that the duration of each is one beat):

�)�U�H�T�X�H�Q�F�\���&�R�P�S�R�Q�H�Q�W�V���I�R�U���1�R�W�H�V���R�I���+�L�G�G�H�Q���7�X�Q�H



The rules of the game we are playing tell us that in every case the
components set down for a given note are in fact exact harmonics of the
fundamental frequency normally associated with the pitch of that note.

Most of us are not very good at recognizing patterns among numbers
written out on a printed page. However, we are often able to recognize them
when they are expressed in pictorial form. Suppose the components of each
of these sounds are laid out along a frequency scale of the sort used in
figure 5.6. It is usually not difficult then to figure out what fundamental
frequency is implied by the components. Figure 5.10 shows an example of
such a lay-out constructed for the first note in our little ditty. Heavy dots are
drawn at positions corresponding to the frequencies of 392, 1176, and 1568
oscillations per second. If one squints a little at the diagram so that only the
circles are easily seen, it is not hard to realize that they are evenly spaced
members of a sequence having a missing component just below 800/second.
In other words, we are dealing with a frequency pattern made up of the
fundamental, plus its third and fourth harmonics; the second harmonic is
missing. Once we have discovered that the component at 392/second
defines the fundamental frequency, it is not difficult to look it up in figure
2.1 and discover that we are listening to a peculiar form of the note G4 just
above piano middle C. The rest of the notes can be worked out in an exactly
similar fashion. Notice that in this exercise we are using our eyes to find a
visual regularity, in a manner chosen to be the exact analog to what our ears
would be doing to recognize the tune if it were to be played from the
tabulated set of frequencies.



�)�L�J��������������

3. A flute player having a good instrument and a well-developed
embouchure can smoothly vary the strengths of the odd-numbered
sinusoidal components of his sustained tone relative to the strengths of the
even-numbered components (while keeping the overall loudness of the
sound roughly constant). This ability permits him to illustrate a number of
features of our pitch perception process. For example, he can produce the
note A4 (just above piano middle C) whose fundamental component
oscillates at 440/second, along with significant amounts of the first half
dozen �H�[�D�F�W�O�\���K�D�U�P�R�Q�L�F components which lie at 880, 1320, and
1760/second (and so forth). The pitch of this tone is well-defined. As the
player alters his manner of blowing and progressively weakens the odd
partials relative to the even ones, the pitch continues where it was, even
when only the slightest traces of the odd-numbered 440 and 1320/second
components are left in the tone. Beyond a certain point, however, the
listener comes to realize that he is listening to a flute that is no longer
playing A4, but rather the note A5 an octave higher, having therefore a
fundamental at 880/second, with second and third harmonics located at
1760 and 2640/second. If the player is sufficiently skillful, the listener is
unsure exactly when the transition takes place, and if several listeners
participate they are not likely to agree on the time of transition. If the player
continues his blowing in the manner that is heard as an A5 and then
gradually reverts to his original sound, our listeners will continue to hear A5
even when considerable amounts of 440 and 1320/second components have
been reintroduced. Eventually the pitch is re-assigned back to A4, with the
same indefiniteness in the listeners’ choice of the transition time.



Here we have an example of a definite frequency pattern smoothly
turning into a different one, with the possibility of traveling between the
two patterns. Our ears will recognize one of them when it is clearcut, and
will retain this recognition through a considerable region of overlap before
they are forced to notice the other pattern. How one reacts to the overlap
region depends on the context in which it is heard. In the present case the
context is dominated by the previously heard definite sound. If the listener
were, on the other hand, asked to listen to a regularly repeated sequence of
alternating A4 and A5, the flute player could slip in a borderline tone and it
would be cheerfully accepted as being the expected member of the
alternating octave sequence.

4. When a flute player snaps closed the keys on his instrument, he can
produce a series of hollow popping sounds whose pitches are approximately
equal to those of his low register octave (C4 to C5). The sinusoidal
frequency components of any one of these damped impulsive sounds are,
curiously enough, not in an integer sequence, despite the fact that when
blown, a flute produces a tone whose components are in �S�U�H�F�L�V�H�O�\ integer
relationship. When one snaps keys to produce the note F4, for example, the
lowest component has a frequency f1 near 349/second, as expected for this
note, while f2 is about 705/second instead of being located at the second
harmonic, which is at 2f1 = 2 × 349/second = 698/second. Similarly f3 is at
about 1058/second instead of matching the third harmonic of f1.

Because the component frequencies in the popped sound of a flute are
not harmonically related, our pitch assignment is made by recognitions of
approximate pattern matches, and our sense of pitch is not strongly marked.
If, on the other hand, one replaces the subtly tapered head joint of the flute
(with its embouchure hole and the adjustable cavity beyond it) by an
accurately fitted cylindrical tube whose inside diameter is the same as that
of the main flute body, the popped frequency components take on an almost
exact integer relationship. Snapping the keys on this modified flute gives
clear ringing pops having extremely well-defined pitches. The decay times
of the sounds from this modified flute are longer than they are on the
regular instrument, which contributes somewhat to the ringing clarity of the
sound. A tiny wisp of cotton tucked into the open tube end will, however,
bring the decay times back to normal, but the strongly marked sense of



pitch will persist, because the integer frequency relationship is preserved.
Note: one should not leap to the conclusion that the non-integer relationship
of the impulsively excited sinusoids of a flute is a sign of imperfection in
the instrument. On the contrary, if a flute were built in such a way as to give
an integer relationship to such popping sounds, it would play very badly.
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